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Abstract 



We propose a novel prescription to take off the square root of Nambu- 
Goto action for a p-brane, which generalizes the Brink-Di Vecchia- 
Howe- Tucker or also known as Polyakov method. With an arbitrary 
decomposition as d + n = p + 1, our resulting action is a modi- 
fied ti-dimensional Polyakov action which is gauged and possesses a 
Nambu n-bracket squared potential. We first spell out how the (p+ 1)- 
dimensional diffeomorphism is realized in the lower dimensional action. 
Then we discuss a possible gauge fixing of it to a direct product of 
e?-dimensional diffeomorphism and n-dimensional volume preserving 
diffeomorphism. We show that the latter naturally leads to a novel 
Filippov-Lie n-algebra based gauge theory action in (i-dimensions. 
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1 Introduction 



A p-brane is a spatially extended object propagating in a target spacetime. 
The number p counts spatial dimensions of the brane such that p = 0, 1, 2, ■ ■ ■ 
correspond to point-like particle, string, membrane etc. The geodesic motion 
of a point particle i.e. p = brane, minimizes the relativistic length of the 
trajectory in the target spacetime. Nambu-Goto action for a p-brane then 
generalizes this geometric significance: the induced worldvolume of the brane 
is to be minimized. 

With an embedding of (p + l)-dimensional worldvolume coordinates into 
D-dimensional target spacetime, 

X(0 : r — X M , (1) 

where m = 0, 1, ■ • • ,p and M = 0, 1, • ■ ■ , D — 1, the Nambu-Goto action for 
a p-brane is pQ 



SW. G . = - J d p+1 e yJ-dekGmn ■ (2) 



Here Q mn is the induced metric onto the worldvolume such that the action 
measures the relativistic worldvolume of the p-brane in the target spacetime, 

Qmn ■= d m X M d n X Gmn(X) . (3) 

For simplicity we set the brane tension to unit. 

Despite of its elegant geometric significance, Nambu-Goto action is hard 
to quantize due to the presence of a highly nonlinear structure, the square 
root. An equivalent but far more convenient action is available, thanks 
to Deser-Zumino [2J, Brink-Di Vecchia-Howe [3j and Howe- Tucker [2], by 
introducing an auxiliary worldvolume metric h mn : 

s Poly . = -\J d p+1 e V^h[h mn d m x M d n x M + i-p]. (4) 

This action is often dubbed Polyakov action. Integrating out the auxiliary 
worldvolume metric using its equation of motion, h mn = d m X M d n XM for 
p / 1 or h mn (x d m X M d n Xu for p = 1, the Polyakov action reduces to 
the Nambu-Goto action S Poly .= S N , G ,. Here and henceforth we denote the 
on-shell equality as well as gauge fixings by '=' and the defining equality 
by ':='. Both Nambu-Goto and Polyakov actions ([2]), (jH) are manifestly 
invariant under the (p+ l)-dimensional worldvolume diffeomorphisms. 

In the present paper we generalize the Brink-Di Vecchia-Howe- Tucker- 
Polyakov method and construct an action whose characteristic features are, 
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compared to the Polyakov action, the appearance of gauge covariant deriva- 
tives and a Nambu bracket squared potential. After some gauge fixing we 
show that our action can be identified as a lower dimensional gauge theory 
action based on Filippov-Lie algebra. 

Previous works on related topics include the light-cone gauge fixed action 
of a p-brane [6] Taking the light-cone gauge means fixing the light-cone 
variable to a classical on-shell value. Hence the light-cone gauge action de- 
scribes only a sector of classically fixed light-cone momentum and breaks 
the full background isometry. In contrast, our resulting action is covari- 
ant and the full background isometry survives. Furthermore, the covariant 
derivative in our action takes a different form and is based on Filippov-Lie 
algebra. 

In particular, applying our result to the Nambu-Goto action for a five- 
brane we obtain a Filippov three-algebra based gauge theory action in three 
dimensions. As we will see, the precise form of the gauge covariant deriva- 
tive and the presence of the three-algebra squared potential are identical to 
the Bagger-Lambert-Gustavsson description of multiple M2-branes [3 [8]. 



2 General analysis 

Our prescription to generalize the Brink-Di Vecchia-Howe-Tucker-Polyakov 
method first starts with dividing formally the p-brane worldvolume dimen- 
sion into two parts, 

1 + p = d + n, (5) 

which corresponds to the decomposition of the worldvolume coordinates into 
two sets: 

= (6) 

where fj, = 0, 1, • • • , d — 1 and i = 1, ■ • • , n. The decomposition here is a 
priori arbitrary as for any positive integers d, n. One natural application of 
the splitting will be the case where p-brane is extended over both compact 
and non-compact directions: In this case we reserve for compact directions 
and for non-compact directions including time. 

1 The appearance of a gauge connection from diffeomorphism invariance is also well 
known in Kaluza-Klein theory, see [9] and references therein. However, the gauge field in 
Kaluza-Klein theory originates from the spacetime metric which is dynamical in gravity, 
while in our action the gauge field is introduced as a non-dynamical auxiliary variable. 
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According to the splitting, the induced metric ([3]) decomposes into the 
following dxd, dxn and nxn blocks K,B,V defined by 



K, 



B 



in 



Vij . — Qij . 



(7) 



The first crucial step in our formalism is to express the determinant of the 
(p + l)x(p+ 1) induced metric as a product of two determinants of the 
smaller dxd and nxn matrices: 



det G r . 



det KdetV. 



K := K — BV~ 1 B 



1 RT 



This follows from the following simple observation: 



det 



r 


B N 


| = det 


7 1 -BV- 1 




V > 




A 1 



K B 
B T V 



det 



K 



B V 



The resulting Nambu-Goto action 



J d P+1 i 



detKdetV , 



(8) 



(9) 



(10) 



can be now reformulated in a square root free form, if we introduce an 
auxiliary variable p: 



J d p+1 £ (p det K - \p~ l det V 



To proceed further, we introduce a d x d auxiliary matrix ip^ v and apply 
the Brink-Di Vecchia-Howe-Tucker-Polyakov method to the determinant of 



K^ LU in order to have our semi-final action: 



d p+1 i \pdet(p(<p^Kuv + l-d 



\p~ l detV 



(12) 



At this point it is convenient to reparameterize the auxiliary variables p, 
(fnv by a new auxiliary scalar to and a ci-dimensional 'worldvolume metric' 



hfui as 



(-p 2 det v?) d-2 , := (-p 2 det ip) J-a ^ 



(13) 



Now we are ready to spell our novel action, which we propose in order to 
reformulate the Nambu-Goto action for p-brane: 



J d d a Tr (a 



Tr : = 



(14) 



-hTD u X M D v X M - W~ l 



det V + (d - l)u . 
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In addition to lo and h^ u , here we introduced one more auxiliary field A* 
which defines the 'covariant derivative': 

D^X M := d^X M - AjdiX M . (15) 

The corresponding field strength reads 

Fj, = d^Aj - d v Aj - AJdjAj + AjdjA* . (16) 

In terms of the Nambu n-bracket which is defined by [10] 

{Y 1 ,Y 2 ,---,Y n } N . B . :=e l ^- i "d il Y 1 d l2 Y 2 --d ln Y n , (17) 

the 'potential' det V takes the formH 

detU = ^{X M \X M \-,X M -} N . B .{X Ml ,XM 2 ,-,X Mn } N . B . . (18) 

In the above e lll2 "' ln is the totally anti-symmetric n-dimensional tensor of 
the normalization g 12 "" n = 1. 

The auxiliary variables assume the on-shell values: 

A* = (BV- 1 ),* , u 2 - d = \detV, h^ = u- l K^. (19) 

Plugging these into the action (fl4j) . we recover the Nambu-Goto action (fTUj) . 
5 Now = S N , G ,. In particular, we have the following on-shell relations, 

a i X M D, t X M = , D, L X M D V X M = . (20) 

The former is nothing but the Euler-Lagrangian equation for A* which is 
solved by A = BV^ 1 and prescribes that D^X M should be orthogonal to 
diX M on-shell. The latter holds since P% := 5 M N - diX M (V~ 1 )^ djX N 
is a projector satisfying P 2 = P. Note also that P^d{X N = and 
P%d^X N = D,X M . 

Although not manifest, our novel action (j!4[) enjoys the full (p + 1)- 
dimensional diffeomorphism symmetry like the Nambu-Goto action ([2]), ir- 
respective of the arbitrary splitting of the worldvolume coordinates: Un- 
der an arbitrary infinitesimal coordinate transformation <5£ m = — v m or 

2 For the curved target spacetime manifold having the metric Gmn(X), one 
should bear in mind that D^Xn = D i _ 1 X m Gmn and {-XjVj , Xn 2 , ■ ■ ■ , Xjv„}n.b. = 

\Jy , A A j-N.B.trMiiVi <~rM 2 N 2 • ' ' LiAf„iV„ • 
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8d m = d m v n d n , all the fields transform as 
5X M = , 

5A* = D^AJ + + \u d ~ l det Vh^djvW 1 ^ , 

(21) 

5LU = -^u(d i v x Aj + d i v i ), 

Sh^ = D^hxv + Dvv^x + ^(d^Aj + d, t v % ) . 

Note that this transformation rule is consistent with the on-shell relations 
(|19p . and further that we assume the 'active' form of the diffeomorphism. 
The dual 'passive' diffeomorphism which is directly relevant to the Noether 
symmetry is given by 5 pssv d m = and 5 paav .& = 5^^,^ + v rn d m <& for each 
field 

Apparently from (I13p . the above formalism is singular if d = 2, essentially 
due to the Weyl invariance in two dimensions. In this case, we return to 
(f!2j) . let := ip^ and introduce a dilaton := p\J—h. The proposed 
action for d = 2 case becomes, rather than (|14p : 

Stw 2 = / d 2 * Tr (V^hC d =*) , Tr := f d\ , 

J J (22) 

= -e-^D^D^M - det V + e - * . 

Like (|19p the auxiliary variables assume the following on-shell values: 

A^ = (BV- l )^\ e- 2 ^ = \detV, V = . (23) 

Plugging these into the action (|22|) we recover the Nambu-Goto action ([2]) 
again. The full (p + 1) -dimensional diffeomorphism symmetry has the fol- 
lowing two-dimensional realization: 

5X M = 0, 

SAj = D^v u Aj + + \e 2 ^ det Vh^d^V^ , 

(24) 

50 = — diV x A x l — diV 1 , 

Sh^ = D^v x h Xu + D u v x h^ x ■ 
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Although the action ()14[) is still valid except d = 2, the case of d = 1 
is special: the auxiliary scalar oj drops from the action as well as from the 
diffeomorphism transformations. In other words, when d = 1 we need only 
two types of auxiliary fields to take off the square root of the Nambu-Goto 
action of a p-brane: an einbein e and a gauge field A T l , i = 1, 2, • • • ,p. With 
a worldline parameter r, the action (|14p reduces to 

St* = / dr Ti(e- l D T X M D T X M - \e det v) . (25) 

The on-shell values of the auxiliary fields are then: 

Aj = {BV- 1 )^ , e = 2^/-D T X M D T X M /detV . (26) 

In this case of d = 1 the full (p + l)-dimensional diffeomorphism takes the 
following form: 

5X M = , 

8 A* = D T v T A T l + D T v* - \e 2 det VdjV T V- lji , (27) 
5e = e (D T v T - A T i d i v T - d^) . 



3 Gauge fixing to Filippov-Lie n-algebra 

Although our resulting actions for a p-brane, (|14p for d > 3, (|22p for d = 2 
and (|25p for d = 1 are written in the form of a d-dimensional gauge the- 
ory with d being less that p + 1, they are invariant under the full (p + 1)- 
dimensional diffeomorphism. They are still identified as {p+ l)-dimensional 
models. In order to be identified as genuine lower dimensional gauge theo- 
ries, it is necessary to break the full (p + l)-dimensional diffeomorphism to 
a direct product of the d-dimensional diffeomorphism and the n-dimensional 
volume preserving diffeomorphism. The latter then corresponds to a local 
gauge symmetry of the ci-dimensional action. In fact, for each value of d we 
can impose a pair of gauge fixing conditionsll 

3 When d = l, besides (|30f> . it is also possible to set e = 2 and A\ = for all 
i = 1, 2, • • • ,p, utilizing the full (p + l)-dimensional worldvolume diffeomorphism. Then 
the case of p = 1 coincides with the well known conformally gauge fixed Polyakov string 
action. We thank Kanghoon Lee for pointing out this [11] , 
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• For d > 3, 

fyA* = , lo = 1 . (28) 

The unbroken local symmetry is then the direct product of the d- 
dimensional diffeomorphism and the n-dimensional volume preserving 
gauge symmetry, generated by the infinitesimal transformations satis- 
fying diV^ = and djV 3 = 0. 

• For d = 2, 

diA* = , = 0. (29) 

The unbroken local symmetry is the direct product of the two-dimensional 
diffeomorphism and the (p — l)-dimensional volume preserving gauge 
symmetry. 

• For d = 1, 

diAj = , e = 2 . (30) 

As we fix the einbein, the unbroken local gauge symmetry is given by 
the p-dimensional volume preserving diffeomorphism only. 

In each case, from (I21D . (I24p . <\27h . the former d- number of conditions can be 
essentially achieved by diffeomorphism with the d-number of generators 
satisfying diV^ ^ 0, while the latter single condition can be met by diV % ^ 0. 

The divergence free condition diA^ = must be imposed once we de- 
mand the covariant derivative = — A^di to be an anti-Hermitian 
differential operator, allowing the usual integration by parts. Furthermore, 
the volume preserving diffeomorphism generators also satisfy the divergence 
free condition diV 1 = 0. That is to say, as usual, the gauge connection 
assumes the same "Lie algebra" value as the volume preserving gauge sym- 
metry generators. 

Now it is crucial to note that the volume preserving gauge symmetry 
generator as well as the covariant derivative can be represented by the 
Nambu re-bracket With the functional basis T a (q), a = 1,2,3, •• • for the 
re-dimensional manifold we have 

ifdi = V aia2 ... an _ 1 {T ai , T a2 , • • • , T an_1 , }n.b. j 

(31) 

— U H - tx fJ,ai<X2---On-l \ ± > J ' ' J ' J N.B. • 

4 From the Poincare lemma the divergence free volume preserving generator is given by 
v r di — £ nt2 " tn di 1 Vi 2 ...i n _ 1 di n which can be further organized to take the form (131[) . 
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Note that here v aia2 ... an _ 1 and A^ aia2 ... an _ 1 are d-dimensional fields, being 
independent of the ? l coordinates. Further the n-dimensional manifold is 
assumed to be compact. 

As is well known (see e.g. |12j). Nambu n-bracket provides an explicit 
realization of infinite dimensional Filippov-Lie n-algebra |13j defined by n- 
bracket satisfying the totally anti-symmetric property: 

[Xi, • • • , Xi, • • • , Xj, • • • , X n ] = —[Xi, ■ ■ ■ , Xj, ■ ■ • , Xi, • • • , X n ] , (32) 

and the Leibniz rule, also known as a fundamental identity: 

n 

[X 1 ,---,X n „ 1 ,[Y u ---,Y n ]]=J2 [Y 1 ,---,[X 1 ,---,X n ^ 1 ,Y j ],---,Y n ] . 

3=1 

(33) 

In the Nambu-bracket representation of a Filippov-Lie algebra, we may em- 
ploy the structure constant through 

{T ai ,T a V--,T a "} N . B . = /«i«2-«n 6 r 6 . (34) 

The structure constant is then totally anti-symmetric for the upper indices 
and satisfies from the Leibniz rule ()33[) : 

n 

joi02— a n jbibz—bn _ jaia 2 ---a n _ifej j?bi—bj-iebj + i—b n (35) 

3=1 

Now from (|3ip and (|34p , expanding the dynamical variables by the functional 
basis X M (a, <j) = X^ (a)T a (<;), the covariant derivative can be rewritten as 

D^X M = (D^X M ) a T a , (^X M ) a = - ij a , (36) 

where we set 

V> ._ A jrcica— Cn_i6 /q7N 

-^/ja - — ■ fi ltciC2---c n -iJ a- 

In this way, after the gauge fixings, our final actions (fl4l) . (|22]), (f25l) re- 
duce to genuine lower dimensional Filippov-Lie n-algebra based gauge the- 
ory actions, where the potential is given by the n-Lie bracket squared (I18p 
and the covariant derivative is given by (|36j) . Furthermore, at this point, 
we may generalize the actions to assume an arbitrary (finite or infinite 
dimensional) Filippov-Lie n-algebra as a gauge symmetry. With v b a := 
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v Cl c2---c n - 1 f ClC2 Cn ~ lb a, from the passive transformation of (|2ip and the ex- 
pression (|3ip , the Filippov-Lie n-algebra based gauge transformation is given 
by 

6X? = X b M v b a , 

(38) 

fiA[ iaia2 ... an _ 1 = d ll V aia2 ... an _ 1 + (— l) n (n — l)^4 A tc[aia 2 ---a n _2^ C a n _i] i 

of which the latter induces, from (|35|) . 

<5lJ = d M 6 6 a - v h c A^ a + Al c v c a . (39) 

Especially, taking n = 3, equations ([36]) and ([37]) precisely coincide with 
the definition of the covariant derivative in the Bagger-Lambert-Gustavsson 
description of multiple M2-branes via Filippov three-algebra gauge interac- 
tion [3[8]. 



4 Comments 

Filippov-Lie n-algebra is normally equipped with a bi-linear inner product. 
This might be a potential problem whilst identifying our final actions (|14p . 
([22]) . ([25]) after the gauge fixing ([28]) . ([29]) . ([30]) as a d-dimensional gauge 
theory based on a genuine Filippov-Lie n-algebra, since the actions are not 
generically quadratic. For example the kinetic term reads 

V^hh^D^D.XM . 

Again the Nambu-bracket provides a solution by simply generalizing the 
bi-linear inner product to multi- linear inner products or the "trace" |14]: 

Tr (T a T b • • • T c ) = j d\ T a T b ■ ■ ■ T c , (40) 

which is invariant under the Filippov-Lie n-algebra gauge transformation: 
For arbitrary m = 1, 2, 3, • • •, 



J2 Tr{Y 1 ,Y 2 ,---,Y k _ 1 ,[X 1 ,---,X n _ u Y k ],Y k+1 ,---Y m )=0, (41) 



fc=i 

or equivalently 



j:aia2---a„-ib k ^Yj, (rpbir^b? . . . 'J>b k _ 1 rpcrpb k+1 _ _ _ ^b m \ _ q (42) 



k=l 
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Our work manifests the general phenomenon, commonly known as Myers 
effect [15], that non-Abelian structure of lower dimensional gauge theories 
can capture the description of a higher dimensional braneH a single p-brane 
can be described not only by a (p + l)-dimensional Polyakov action but 
also by a gauged ci-dimensional Polyakov action based on Filippov-Lie n- 
algebra with p + 1 = d + n. Since the functional basis of the n-dimensional 
manifold is infinite dimensional, the corresponding gauge group based on 
the Filippov-Lie n-algebra is a priori infinite dimensional. However, we 
emphasize that our final action admits a simple generalization taking any 
Filippov-Lie algebra as a gauge symmetry^ 

If we turn off the Filippov-Lie n-algebra gauge interaction, our d-dimensional 
action corresponds simply to a Polyakov action for {d — l)-brane. This sug- 
gests the following physical picture behind our formalism: the description 
of a single p-brane as a condensation of infinitely many lower dimensional 
branes through Filippov-Lie algebra gauge interactions. 

In particular, the action (I25|) provides a description of a p-brane via 
infinitely many interacting relativistic point-particles (see [20] for a related 
earlier work) . Especially if we apply our formalism to an M2-brane in eleven 
dimensions we obtain with the choice of d = 1, 

Sm2 = Jdr Tr(e- X D T X M D T X M - \e[X M ,X N ] [X M ,X N ]) . (43) 

Since there are eleven scalars as M = 0, 1, 2, • • • , 10, this action corresponds 
to a covariant version of the .M-theory matrix model [21] (see also |22|). 
without the light-cone gauge fixing. 

Furthermore, in the case of p = 5 and d = n = 3, our results have com- 
mon features with the Bagger-Lambert-Gustavsson description of multiple 
M2-branes [7J [8]: Filippov three-algebra naturally arises, the definition of 
the covariant derivative precisely coincides and the potential is given by the 
three-bracket squared. This supports the idea that the Bagger-Lambert- 
Gustavsson action with infinite dimensional gauge group may describe a 
M5-brane as a condensation of infinitely many interacting M2-branes, as 
explored in[23l[H[ia[26l[271[28l[l9l[30]. 

5 Since the trace (|40[) is invariant under any permutation of its arguments, the word 
'non-Abelian' might be improper. More relevant structure appears to be the Filippov-Lie 
n-algebra. 

6 For the discussion on the uniqueness of finite dimensional Filippov-Lie algebra see 

[nana us us]. 
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